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Recap: EM and Variational Inference

e The EM algorithm:

o Estep: ¢'t! = argmin F (¢, 6") Approximate p(z|x, 6%):

q

Intractable whe

model p(z, x|0) ij — P(Z|x, Ht) —

NZZ p(z,x]6°) q(z|x,v*) = mvin KL(q(z|x,v) || p(z|x,0%))

complex
.

N

> o find a tractable q(z|x,v*) that is

n(z, x|6%) closest to p(z|x, 6%)

@)

" KL(g(z: v*) || plz|x)

= min F(q(z|x,v), 0%) + const.
v

What forms of q(z|x, v) shall we choose?
Factorized distribution -> mean field VI
Mixture of Gaussian distribution -> black-box VI
Neural-based distribution -> Variational Autoencoders




Mean Field Variational Inference with Coordinate Ascent

Recap:@an mixture of Gaus@

L g

Assume mean-field q(_—,ti&,{, Z1.n) = [ qa(ui) I1; q(20)

e Initialize the global variational distributions q(uy) and parameters {t?, 0%, 7}
e Repeat: =
o For each data example i € {1,2, ..., D}

0 @Wnal distribution q(z;) — (Variational) E-step

o Endfor
o datethe global variational distributions q(u)
o Update the parameters {t?, 0%, 7} > (Variational) M-step

e Until ELBO converges

e What if we have millions of data examples? This could be very slow.
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Stochastic VI

Recap: Bayesian mixture of Gaussians
Assume mean-field q(u1.x, 21m) = [Tk q () I1;: 9 (2))

e Initialize the global variational distributions q(uy) and parameters {t?, 0%, 7}
e Repeat:
o Sample a data example i € {1,2, ..., D}
o Update the local variational distribution q(z;)
o Update the global variational distributions q(u) with natural gradient ascent
o Update the parameters {2, 0%, 7}

e Until ELBO converges

[Hoffman et al., Stochastic Variational Inference, 2013]



Black-box Variational Inference



T—

(Black-box Variational Inference (BBVI)

e We have derived variational inference specific for Bayesian Gaussian
(mixture) models

e There are Wle models

e Can we have a solution that does not entail model-specitfic work?



Black-box Variational Inference (BBVI)
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e Easily use variational inference with any model —

e No mathematical work beyond specitying the model
e Perform inference with massive data S0 Cé@f"ﬂ(/ 1/7-

(Courtesy: Blei et al., 2018)



LX)
Black-box Variational Inference (BBVI) (L@)—; é(é/‘)y

e Probabilistic model: x -- observed variables, z -- latent variables

e Variational distribution g;(z|x) with parameters 1, e.g., /<(Cq 4?)
o Gaussian mixture distribution: -
= “A Gaussian mixture model is m sal a QEE"OXim gtorof densities, in the sense <&

that any smooth density can be approximated with any specific nonzero amount of
error by a Gaussian mixture model with enough components.” (T)‘e'@ﬁrl_earning book,
Pp.65) = ‘ —
o what other “universal approximator” can we use? ]7@ (&‘)9
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[Ranganath et al.,14]



Black-box Variational Inference (BBVI)

e Probabilistic model: x -- observed variables, z -- latent variables

e Variational distribution g;(z|x) with parameters 4, e.g.,

o @Gaussian mixture distribu_tion:

= A Gaussian mixture model is a universal approximator of densities, in the sense
that any smooth density can be approximated with any specific nonzero amount of
error by a Gaussian mixture model with enough components.” (Deep Learning book,

pp.65)
o what other “universal approxmator can we use?

Deep neural networks = V/qlf

;£
logp@,W optonain)) ()

e Want to compute the gradient w.r.t variational parameters 1
~ —— - ——

[Ranganath et al.,14]



The General Problem: Computing Gradients of Expectations

e When the objective function L is defined as an expectation of a
(differentiable) test function f3(z) w.r.t. a probability distribution q,(z)

L =Eq,5lfa(2)] g&&@ Zg?ﬁ%)j/

o Computing.exact gradients w.r.t. the parameters A8 ofterfinfeasible

o Need stochastic gradient estimates 7(&)./
/h(e\siore Einc%oé estimator{ak.a log-derivative trick, REINFORCE)

o _JHhe reparameterization trick (a.k.a the pathwise gradient estimator)
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Computing Gradients of Expectatlons w/ score function

e Loss: = [qu(z)[le(z)] QQ\ \7 ?/\ - QE %
N

e Log-derivative trick: Vg, = g5 V,log g,
. show that the gradient of Zw.r.t. 1 is:

VAL = Eq, ) [3(@)V1108 42(2) + Vafa(2)]

A %}\[]ﬂ =0 f i1, f %% J\Jr AN f

DALY I w%
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Computing Gradients of Expectations w/ score function

o Loss: @: [EQA(Z) [f/'l(Z)] SCQYP/— /Oagq"j GM
e Log-derivative trick: Vg, = g5 V,log g, A= £/}W [@ @)]

e Gradient of Lw.rt

VAL q,lgz [f2(2)V,log q;(2) + V3 /2(2)] \‘7 v P("P
o score function: the gradient of the log of a probability distribution

e Monte Carlo estimation of the expectation: a/l' /LZ (j%)

o T ——
o Compute noisy unbiased gradients with Monte Carlo samples from q,1

Vil = EZ f2(z5)Valog qi(zs) + Vi fa(zs) where zg ~ q;(2)
%

v‘f\/\s.—-\:.—-]:ﬁ L
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Computing Gradients of Expectations w/ score function

o Loss: L =Eg,lfa(2)]

e Log-derivative trick: V,q, = g, V,log g,
e Gradient of Lw.r.t. A:

Vil = Eg,»f2(2)V,log qa(2) + V3 /31(2)]

o score function: the gradient of the log of a probability distribution

e Monte Carlo estimation of the expectation:
o Compute noisy unbiased gradients with Monte Carlo samples from g,

1 S
VLx< Y fiz)Valogqa(zs) + Vafa(zs)  where z ~ q3(2)
S s=1 g P N

LLAA——
e Pros: generally applicable to any distribution g(z|4)

e Cons: empirically has high variance — slow convergence s



Computing Gradients of Expectations w/ reparametrization trick

a |+ &
o Loss: L= EEqa@[fA(Z)] d;&f\/ O\N\@ L J\L )}

e Assume that we can express the distribution g;(z) with a transformation
e ~ s(e) d
- - @ ~
q

&
> Eg. e ~ Normal(0,1)
’N ) ~ 2
e e o pomalgy g

e Reparameterization gradient:
£ — IEefvs(e) [é(Z(E, A))]

o what'’s the gradient of Lw.r.t. 1 7

16



Computing Gradients of Expectations w/ reparametgzation trick
o Loss: L =Eg,»lfa(2)] ﬂ;\ L /S(/ZS:JI ﬂéfg\(zmt/\%@

e Assume that we can express the distribGtion q;(z) with a transformation

~ N [(0, 1
¢ orma ) &z~ Normal(u,o?) - [ 7

Q)\ [ = E Z"'S(q_)l,q‘)\:}\@?\)

e Reparameterization gradient:
L= IEe~$(e) [f2(z(€,1))]

— ___gw —-q ;<] Zy\q
o what's the gyadient of Lw.r.t. 1 ? }@[ & )\ N
é'\' Nf(?)

V£ = Ee~s(e)[vzf/1(z) Vyt(e, D] v/

-




Computing Gradients of Expectations w/ reparametrization trick

o Loss: L =Eg,lfa(2)]

e Assume that we can express the distribution q;(z) with a transformation
e ~ s(e)

z =t(e, 1) 2~ atzjd)
@) E.g.,
e ~ Normal(0,1) 2
Y — ot z ~ Normal(u,o%)
e Reparameterization gradient 1A \,(‘k
£ = Eeey(olfi(2(€, )] 4

Vil = Eeso Vo i@ Vit (e D] YAE
o Pros: empirically, lower variance of the gradient estimate

e Cons: Not all distributions can be reparameterized »



Reparameterization trick

e Reparametrizing Gaussian distribution

e ~ Normal(0,1) )
S z ~ Normal(u,o*)

Deterministic node I

° ~q(z|x) reparameterization 0 5 = # +0 O E
‘ Random node

6/)& ~N(0 1)

[Courtesy: Tansey, 2016]
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Reparameterization trick

e Reparametrizing Gaussian distribution

~ N [(0,1
Z=€0+ U A

e Other reparameterizable distributions: € ~ UnlfOTm(E) PN 7~ q(2)

o Tractable inverse CDF E=% F~(e)

= Exponential, Cauchy, Logistic, Rayleigh, Pareto Vvagull Reciprocal, Gompertz
Gumbel, Erlang

o Location-scale:
0 Laplacg, .E|||pt|ca|, Swn_‘t_s_t_l_oglstl_c_:, Uniform, Triangular, Gaussian
o Composition:

= |Laog-Normal (exponentiated normal) Gamma (sum of exponentials) Dirichlet (sum of
Gammas) Beta, Chi-Squared, F E— e e

ﬂzzé//%h,om Q/é O/I/I:{"WWVL .

[Courtesy: Tansey, 2016]



Computing Gradients of Expectations: Summary

o Loss: L=Eglfa(2)]
—_————

e Score gradient
ViL = By, »f2(2)V,log g (2) + V,f31(2)]

o Pros: generally applicable to any distribution q(z|1)
o Cons: empirically has high variance — slow convergence

e Reparameterization gradient
VoL = Ee g [V.f2(2) V;t(e, A)]

o Pros: empirically, lower variance of the gradient estimate
o Cons: Not all distributions can be reparameterized
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Recall: Black-box Variational Inference (BBVI)

e Probabilistic model: x -- observed variables, z -- latent variables

e Variational distribution g;(z|x) with parameters 4, e.g.,

o @Gaussian mixture distribution:

= “A Gaussian mixture model is a universal approximator of densities, in the sense
that any smooth density can be approximated with any specific nonzero amount of
error by a Gaussian mixture model with enough components.” (Deep Learning book,

pp.65)
o Deep neural networks

L(A) £ Eg, (»llog p(x, z) —logq(2)]
e ELBO to be maximized:

L) = Egzallogp(x, 2)] — Egz 1)l log q(z]4) ]
e Want to compute the gradient w.r.t variational parameters 1

[Ranganath et al.,14]



L=Eqg @2 [f2(2)]
BBVI with the score gradient | Vil = Eq,»fa(2)Valog 42(2) + Vafa(2)]

e ELBO:
L) = Egzpllogp(x, 2)] — Egz 1) log q(2]4) ]

. what's the score gradient w.r.t. 17

Vil = Eq4[Valogq(z|A)(log p(x, z) —logq(z]A))]

e Compute noisy unbiased gradients of the ELBO with Monte Carlo samples
from the variational distribution

S
1
Vil ~ < ) Valogq(zs|h)og plx, z5) — log g (25| ).

s=1

where z; ~ g(z|A).

[Ranganath et al.,14]



BBVI with the reparameterization gradient

e ELBO:
L) = Egzallogp(x, 2)] — Egza)l log q(z]4) ]
o what's the reparamerization gradient w.r.t. 1 ?
e ~ s(e)
— z~
7 = t(e. ) z ~ q(z|2)

VL :Ee~s(e)[ V,[logp(x,2) —log q(2)] V,t(e, )]

L=Eg@ [f2(2)]
VoL = Eeogee [V.f2(2) V t(e, D]







