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How can we mathematically formalize the RL
problem?

State s, Reward r,

Action a,
Next state st+1

Environment




Recap: Q-value function

Following a policy produces sample trajectories (or paths) s, a,, Iy, Sy, a4, I4, ..

How good is a state-action pair?
The Q-value function at state s and action a, is the expected cumulative reward from

taking action a in state s and then following the policy:

Q" (s,a) =E |:Z ')ft?‘t|3[;. = 5,a9 = Q, ‘}T:|

t>0

Recursive expansion of Q:



Recap: Bellman equation

The optimal Q-value function Q* is the maximum expected cumulative reward achievable

from a given (state, action) pair:

Q*(s,a) = mS,XE

¢
E Y're|so = s,a0 = a, T

>0

Q* satisfies the following Bellman equation:
Q*(S: a’) = Egng [T + ’}/H}IE}X Q*(S!, CL!)|S, a,}

Intuition: if the optimal state-action values for the next time-step Q*(s’,a’) are known,
then the optimal strategy is to take the action that maximizes the expected value of

r+vQ*(s',a’)




Solving for the optimal policy

Value iteration algorithm: Use Bellman equation as an iterative update
]!
Qitr1(s,a) =E [’r + ymax Q;(s’,a’)|s, a}
a

Q; will converge to Q* as | -> Infinity
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Solving for the optimal policy

Value iteration algorithm: Use Bellman equation as an iterative update
]!
Qir1(s,a) = E 1+ ymax Qi(s', ') s, a]
a
Q; will converge to Q* as I -> Infinity

What's the problem with this?

Not scalable. Must compute Q(s,a) for every state-action pair. If state Is e.g.
current game state pixels, computationally infeasible to compute for entire
state space!

Solution: use a function approximator to estimate Q(s,a). E.g. a neural
network!
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Solving for the optimal policy: Q-learning

Q-learning: Use a function approximator to estimate the action-value function

Q(s,a;0) =~ Q*(s,a)
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Solving for the optimal policy: Q-learning

Q-learning: Use a function approximator to estimate the action-value function

Q(s,a;0) = Q" (s, a)

If the function approximator is a deep neural network => deep qg-learning!
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Solving for the optimal policy: Q-learning

Q-learning: Use a function approximator to estimate the action-value function

Q(s, a; 91{@’“(8; a)

function parameters (weights)

If the function approximator is a deep neural network => deep qg-learning!
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Solving for the optimal policy: Q-learning
Remember: want to find a Q-function that satisfies the Bellman Equation:
QR*(s,a) =Eg~¢ [’r +ymax Q*(s’,a’)|s, a,}
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Solving for the optimal policy: Q-learning

Remember: want to find a Q-function that satisfies the Bellman Equation:

QR*(s,a) =Eg~¢ [’r +ymax Q*(s’,a’)|s, a,}
Forward Pass
Loss function:  L;(6;) = Es amp() [(% — Q(s,a; 90)2]

where ¥; = Egng |:T T ’)/HlaE},X Q(S!: CL’; 92'—1)'8: a’:|
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Solving for the optimal policy: Q-learning
Remember: want to find a Q-function that satisfies the Bellman Equation:

Q*(5,0) =Egng |1+ ymaxQ* (s, a')]s,a]
Forward Pass ’

Loss function: Li(ﬁi) = Es,awp(-) [(yg — Q(S, a, 91))2]

where ¥; = Egng |:T T ’)/HlaE},X Q(S!: CL’; 92'—1)'8: a’:|

Backward Pass
Gradient update (with respect to Q-function parameters 6) :

Vo,Li(0:) = Es anp(-);s'~E [’r +ymaxQ(s',a';0i-1) — Q(s, a;0:)) Vo, Q(s, a3 9?:)]
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[Mnih et al. NIPS Workshop 2013; Nature 2015]

Case Study: Playing Atari Games

R § =3 —n

Objective: Complete the game with the highest score
State: Raw pixel inputs of the game state

Action: Game controls e.g. Left, Right, Up, Down
Reward: Score increase/decrease at each time step

Figures copyright Volodymyr Mnih et al., 2013. Repr]Jguced with permission.



Q-network Architecture

Q(s,a;0):
neural network
with weights £

FC-4 (Q-values)

FC-256

T

[Mnih et al. NIPS Workshop 2013; Nature 2015]

Current state s,: 84x84x4 stack of last 4 frames
(after RGB->grayscale conversion, downsampling, and cropping)
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Q-network Architecture

Q(s,a;0):
neural network
with weights £

FC-4 (Q-values)

FC-256

T

[Mnih et al. NIPS Workshop 2013; Nature 2015]

< Input: state s,

Current state s,: 84x84x4 stack of last 4 frames
(after RGB->grayscale conversion, downsampling, and cropping)
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Q-network Architecture

Q(s,a;0):
neural network
with weights £

FC-4 (Q-values)

FC-256

T

[Mnih et al. NIPS Workshop 2013; Nature 2015]

< Familiar conv layers,

FC layer

Current state s,: 84x84x4 stack of last 4 frames
(after RGB->grayscale conversion, downsampling, and cropping)
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Q-network Architecture

Q(s,a;0):
neural network
with weights £

FC-4 (Q-values)

FC-256

T

Current state s,: 84x84x4 stack of last 4 frames
(after RGB->grayscale conversion, downsampling, and cropping)

[Mnih et al. NIPS Workshop 2013; Nature 2015]

< Last FC layer has 4-d

output (if 4 actions),
corresponding to Q(s,,
a,), Q(Sy, &), Q(Sy: &),
Q(spa,)
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Q-network Architecture

Q(S: a, 9) 1 - -
neural network FC-4 (Q-values)
with weights @ FC-256

T

[Mnih et al. NIPS Workshop 2013; Nature 2015]

< Last FC layer has 4-d

output (if 4 actions),
corresponding to Q(s,,
a,), Q(Sy, &), Q(Sy: &),
Q(spa,)

Number of actions between 4-18
depending on Atari game

Current state s,: 84x84x4 stack of last 4 frames
(after RGB->grayscale conversion, downsampling, and cropping)
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Q-network Architecture

Q(s,a;0):
neural network
with weights £

A single feedforward pass
to compute Q-values for all
actions from the current
state => efficient!

FC-4 (Q-values)

FC-256

T

[Mnih et al. NIPS Workshop 2013; Nature 2015]

< Last FC layer has 4-d

output (if 4 actions),
corresponding to Q(s,,
a,), Q(Sy, &), Q(Sy: &),
Q(spa,)

Number of actions between 4-18
depending on Atari game

Current state s,: 84x84x4 stack of last 4 frames
(after RGB->grayscale conversion, downsampling, and cropping)
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[Mnih et al. NIPS Workshop 2013; Nature 2015]

Training the Q-network: Experience Replay

Learning from batches of consecutive samples is problematic:
- Samples are correlated => inefficient learning
- Current Q-network parameters determines next training samples (e.g. if maximizing

action is to move left, training samples will be dominated by samples from left-hand
size) => can lead to bad feedback loops
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Training the Q-network: Experience Replay

Learning from batches of consecutive samples is problematic:

- Samples are correlated => inefficient learning
- Current Q-network parameters determines next training samples (e.g. if maximizing

action is to move left, training samples will be dominated by samples from left-hand
size) => can lead to bad feedback loops

Address these problems using experience replay
- Continually update a replay memory table of transitions (s,, a, r,, S;;) as game

(experience) episodes are played
- Train Q-network on random minibatches of transitions from the replay memory,
Instead of consecutive samples
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[Mnih et al. NIPS Workshop 2013; Nature 2015]

Training the Q-network: Experience Replay

Learning from batches of consecutive samples is problematic:

- Samples are correlated => inefficient learning
- Current Q-network parameters determines next training samples (e.g. if maximizing

action is to move left, training samples will be dominated by samples from left-hand
size) => can lead to bad feedback loops

Address these problems using experience replay
- Continually update a replay memory table of transitions (s,, a, r,, S;;) as game

(experience) episodes are played
- Train Q-network on random minibatches of transitions from the replay memory,

Instead of consecutive samples Each transition can also contribute
to multiple weight updates
=> greater data efficiency
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[Mnih et al. NIPS Workshop 2013; Nature 2015]

Putting it together: Deep Q-Learning with Experience Replay

Algorithm 1 Deep Q-learning with Experience Replay
Initialize replay memory D to capacity N
Initialize action-value function () with random weights
for episode = 1, M do
Initialise sequence s; = {x; } and preprocessed sequenced ¢; = ¢(s;)
fort=1,Tdo
With probability € select a random action a;
otherwise select a; = max, Q*(¢(s¢),a;6)
Execute action a, in emulator and observe reward r; and image x;
Set sy+1 = 8¢, a4, Ty41 and preprocess @1 = O(8¢41)
Store transition (¢y, a;, 7y, ¢1+1) in D
Sample random minibatch of transitions (¢;,a;,7;, ¢;+1) from D
S _ { T; for terminal ¢ ;
ety; = 5 /. :
r; +vmaxy Q(¢j+1,a’;0) for non-terminal ¢; 1
Perform a gradient descent step on (y; — Q(¢;, a;; 9))2 according to equation 3

end for
end for
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Putting it together: Deep Q-Learning with Experience Replay

Algorithm 1 Deep Q-learning with Experience Replay
Initialize replay memory D to capacity N - Initialize replay memory, Q-network
Initialize action-value function () with random weights
for episode = 1, M do
Initialise sequence s; = {x; } and preprocessed sequenced ¢; = ¢(s;)
fort=1,Tdo
With probability € select a random action a;
otherwise select a; = max, Q*(¢(s¢),a;6)
Execute action a, in emulator and observe reward r; and image x;
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[Mnih et al. NIPS Workshop 2013; Nature 2015]

Putting it together: Deep Q-Learning with Experience Replay

Algorithm 1 Deep Q-learning with Experience Replay
Initialize replay memory D to capacity N
Initialize action-value function () with random weights

for episode = 1, M do = Play M episodes (full games)
Initialise sequence s; = {x; } and preprocessed sequenced ¢; = ¢(s;)
fort=1,Tdo

With probability € select a random action a;
otherwise select a; = max, Q*(¢(s¢),a;6)
Execute action a, in emulator and observe reward r; and image x;
Set sy+1 = 8¢, a4, Ty41 and preprocess @1 = O(8¢41)
Store transition (¢y, a;, 7y, ¢1+1) in D
Sample random minibatch of transitions (¢;,a;,7;, ¢;+1) from D
St { T for terminal ;.
J r; + v maxy Q(¢;+1,a’;6) for non-terminal ¢4
Perform a gradient descent step on (y; — Q(¢;, a;; 9))2 according to equation 3

end for
end for




[Mnih et al. NIPS Workshop 2013; Nature 2015]

Putting it together: Deep Q-Learning with Experience Replay

Algorithm 1 Deep Q-learning with Experience Replay

Initialize replay memory D to capacity N
Initialize action-value function () with random weights
for episode = 1, M do

Initialise sequence s; = {x; } and preprocessed sequenced ¢; = ¢(s;) <
fort=1,Tdo

With probability € select a random action a;

otherwise select a; = max, Q*(¢(s¢),a;6)

Execute action a, in emulator and observe reward r; and image x;

Set sy+1 = 8¢, a4, Ty41 and preprocess @1 = O(8¢41)

Store transition (¢y, a;, 7y, ¢1+1) in D

Sample random minibatch of transitions (¢;,a;,7;, ¢;+1) from D

St 41 { T for terminal ¢, ;

ety; = 5 /. :
r; +vmaxy Q(¢j+1,a’;0) for non-terminal ¢; 1
Perform a gradient descent step on (y; — Q(¢;, a;; 9))2 according to equation 3

end for
end for

Initialize state
(starting game
screen pixels) at the
beginning of each
episode
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[Mnih et al. NIPS Workshop 2013; Nature 2015]

Putting it together: Deep Q-Learning with Experience Replay

Algorithm 1 Deep Q-learning with Experience Replay
Initialize replay memory D to capacity N
Initialize action-value function () with random weights
for episode = 1, M do
Initialise sequence s; = {x; } and preprocessed sequenced ¢; = ¢(s;)
for i’; thL Tl?:bilit T - For each timestep t
ith pro y € select a random action a;
otherwise select a; = max, Q*(¢(s¢),a;6) of the game
Execute action a, in emulator and observe reward r; and image x;
Set sy+1 = 8¢, a4, Ty41 and preprocess @1 = O(8¢41)
Store transition (¢y, a;, 7y, ¢1+1) in D
Sample random minibatch of transitions (¢;,a;,7;, ¢;+1) from D
St 41 { T for terminal ¢, ;
ety; = 5 /. :
r; +vmaxy Q(¢j+1,a’;0) for non-terminal ¢; 1
Perform a gradient descent step on (y; — Q(¢;, a;; 9))2 according to equation 3

end for
end for




[Mnih et al. NIPS Workshop 2013; Nature 2015]

Putting it together: Deep Q-Learning with Experience Replay

Algorithm 1 Deep Q-learning with Experience Replay

Initialize replay memory D to capacity N

Initialize action-value function () with random weights

for episode = 1, M do
Initialise sequence s; = {z;} and preprocessed sequenced ¢; = ¢(s;)
fort=1,Tdo

With probability € select a random action a; -
otherwise select a; = max, Q*(¢(s¢),a;6)
Execute action a; in emulator and observe reward r; and image x;
Set sy+1 = 8¢, a4, Ty41 and preprocess @1 = O(8¢41)
Store transition (¢y, a;, 7y, ¢1+1) in D
Sample random minibatch of transitions (¢;,a;,7;, ¢;+1) from D
Seegyesin T for terminal ¢ ;

J r; + v maxy Q(¢;+1,a’;6) for non-terminal ¢4
Perform a gradient descent step on (y; — Q(¢;, a;; 9))2 according to equation 3

end for
end for

With small probability,
select a random
action (explore),
otherwise select
greedy action from
current policy
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[Mnih et al. NIPS Workshop 2013; Nature 2015]

Putting it together: Deep Q-Learning with Experience Replay

Algorithm 1 Deep Q-learning with Experience Replay
Initialize replay memory D to capacity N
Initialize action-value function () with random weights
for episode = 1, M do
Initialise sequence s; = {x; } and preprocessed sequenced ¢; = ¢(s;)
fort=1,Tdo
With probability € select a random action a;
otherwise select a; = max, Q*(¢(s¢),a;6)
Execute action a, in emulator and observe reward r; and image x;

Set 8,1 = 8;, a4, Ty11 and preprocess @y1 = O(8141) - Take the action (a,),
Store transition (¢y, a;, 7y, ¢1+1) in D and observe the
Sample random minibatch of transitions (¢;,a;,7;, ¢;+1) from D reward r,and next
S _ ) 7 for terminal ¢ ; state s
et Y = P ’. : t+1
r; +vmaxy Q(¢j+1,a’;0) for non-terminal ¢; 1
Perform a gradient descent step on (y; — Q(¢;, a;; 9))2 according to equation 3
end for
end for
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[Mnih et al. NIPS Workshop 2013; Nature 2015]

Putting it together: Deep Q-Learning with Experience Replay

Algorithm 1 Deep Q-learning with Experience Replay

Initialize replay memory D to capacity N

Initialize action-value function () with random weights

for episode = 1, M do
Initialise sequence s; = {x; } and preprocessed sequenced ¢; = ¢(s;)
fort=1,Tdo

With probability € select a random action a;

otherwise select a; = max, Q*(¢(s¢),a;6)

Execute action a, in emulator and observe reward r; and image x;
Set sy+1 = 8¢, a4, Ty41 and preprocess @1 = O(8¢41)

Store transition (¢y, a;, 7y, ¢1+1) in D -
Sample random minibatch of transitions (¢;,a;,7;, ¢;+1) from D

S _ ) 7 for terminal ¢ ;

Ct y] S— Z &8 .

r; +vmaxy Q(¢j+1,a’;0) for non-terminal ¢; 1

Perform a gradient descent step on (y; — Q(¢;, a;; 9))2 according to equation 3

end for
end for

Store transition in
replay memory
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[Mnih et al. NIPS Workshop 2013; Nature 2015]

Putting it together: Deep Q-Learning with Experience Replay

Algorithm 1 Deep Q-learning with Experience Replay

Initialize replay memory D to capacity N
Initialize action-value function () with random weights
for episode = 1, M do
Initialise sequence s; = {z;} and preprocessed sequenced ¢; = ¢(s;)
fort=1,Tdo
With probability € select a random action a;
otherwise select a; = max, Q*(¢(s¢),a;6)
Execute action a; in emulator and observe reward r; and image x;
Set sy+1 = 8¢, a4, Ty41 and preprocess @1 = O(8¢41)
Store transition (¢y, a;, 7y, ¢1+1) in D

Sample random minibatch of transitions (¢;,a;,7;,0;+1) fromD <
S _ ) 7 for terminal ¢ ;
Ct y] S— Z &8 .
r; +vmaxy Q(¢j+1,a’;0) for non-terminal ¢; 1

Perform a gradient descent step on (y; — Q(¢;, a;; 9))2 according to equation 3
end for
end for

Experience Replay:
Sample a random
minibatch of transitions
from replay memory
and perform a gradient
descent step
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Summary so far

e Q-learning:
o Bellman equation
© Value-based RL
o Off-policy RL

e Next: Policy gradient
O Policy-based RL
©  On-policy RL

(

\_

\

Loss function:  L;(6;) = Eg qnp(.) (¥ — Q(s,056;))?)

where Y; = Eg g [’r +ymax Q(s’,a’;0;-1)]s, a]
a

J
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Policy Gradients

What is a problem with Q-learning?
The Q-function can be very complicated!

Example: a robot grasping an object has a very high-dimensional state => hard
to learn exact value of every (state, action) pair
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Policy Gradients

What is a problem with Q-learning?
The Q-function can be very complicated!

Example: a robot grasping an object has a very high-dimensional state => hard
to learn exact value of every (state, action) pair

But the policy can be much simpler: just close your hand
Can we learn a policy directly?
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Policy Gradients

Formally, let's define a class of parametrized policies: II = {mg,0 € R™}

For each policy, define its value:

Z Yoy |mo

J(0) =E
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Policy Gradients

Formally, let's define a class of parametrized policies: II = {mg,0 € R™}

For each policy, define its value:

Z Yoy |mo

J(6) =E

We want to find the optimal policy #* = arg max J(0)

How can we do this?
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Policy Gradients

Formally, let's define a class of parametrized policies: II = {mg,0 € R™}

For each policy, define its value:

J(O)=E nyt’r'thrg

>0

We want to find the optimal policy #* = arg max J(0)

How can we do this?
Gradient ascent on policy parameters!
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REINFORCE algorithm

Mathematically, we can write:
J(0) = Ermp(r;0) (7))

= /Tfr('r)p('r; g)dr

Where r(7) is the reward of a trajectory 7 = (sq, ag, 7', S1, -

)
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REINFORCE algorithm

Expected reward: J(0) = Ermp(ri0) [7(T)]

_ / r(r)p(r; 0)dr

T
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REINFORCE algorithm

Expected reward: J(0) = Ermp(ri0) [7(T)]

_ / r(P)p(r; 0)dr

T

Now let’s differentiate this: V4 .J(6) :/r(r)vgp(q-; g)dr

T
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REINFORCE algorithm

Expected reward: J(0) = Ermp(ri0) [7(T)]

= /T’r('r)p(’r; 0)dr

Now let’s differentiate this: — : Intractable! Gradient of an
VQJ(H) / T(T)VHP(T’ Q)dT expectation is problematic when p

T depends on 6

How to estimate the gradient?
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REINFORCE algorithm

Expected reward: J(0) = Ermp(ri0) [7(T)]

= /Tfr('r)p(’r; 0)dr

expectation is problematic when p

Now let's differentiate this: Vg J(0) = /?"(T)Vgp(’?‘; 0)dr Intractable! Gradient of an
depends on 6

T

Vop(T;0)

However, we can use a nice trick: \7,n(r: §) = p(r: 6
O =0 )

= p(7;6)Vglogp(T; 6)
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REINFORCE algorithm

Expected reward: J(0) = Ermp(ri0) [7(T)]

_ [r r(r)p(r; 0)dr

Now let’s differentiate this: — : Intractable! Gradient of an
VHJ(Q) / T(T)VHP(T’ Q)dT expectation is problematic when p

T depends on 6

However, we can use a nice trick: Vop(7:0) = p(T; Q)Vep(’?’; 0)
If we Inject this back: p(7;0)

= p(7;6)Vglogp(T; 6)

VoJ(0) = / (r(7)Velogp(7;0)) p(7; 0)dT
4 Can estimate with

— Ermp(r;f?) [T‘(’T)Vg log p(’r; 9)] Monte Carlo sampling
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REINFORCE algorithm

Can we compute those gquantities without knowing the transition probabilities?

We have: p(1;0) = HP(St+1|St, at)mo(at|st)

t>0
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REINFORCE algorithm

Can we compute those gquantities without knowing the transition probabilities?

We have: g _ | [ p(se41lse, ac)ma(aulse)

t>0

Thus: log p(7;60) = Z]ogp(st+1|st, a;) + log mg(at|st)
>0
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REINFORCE algorithm

Can we compute those gquantities without knowing the transition probabilities?

We have: g _ | [ p(se41lse, ac)ma(aulse)

>0
Thus: log p(7;60) = Z]ogp(st+1|st, a;) + log mg(at|st)

t>0 Doesn’t depend on

And when differentiating: Vg logp(r;0) = Z Voglogmg(at|st)  transition probabilities!
t>0

52



V0J(6) = [ (+(r)Valoga(r;6)) p(r; O)d

T

REINFORCE algorithm = By piri0) [(7) Vo log p(7; 0)]

Can we compute those gquantities without knowing the transition probabilities?

We have: g _ | [ p(se41lse, ac)ma(aulse)

t>0
ThUS: Jogp(r;0) = Y~ log p(se+1s1, ar) + log mo(aclse)
_ t_zo_ Doesn’t depend on
And when differentiating: Vg logp(r;0) = Z Voglogmg(at|st)  transition probabilities!
t>0

Therefore when sampling a trajectory =, we can estimate J(8) with

VeJ(0) ~ Z r(7)Veglog mg(az|st)

t>0
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Intuition
Gradient estimator: Vg J () ~ Z r(7)Ve log mg(az|st)

t>0

Interpretation:

If r(z) is high, push up the probabilities of the actions seen
If r(z) is low, push down the probabilities of the actions seen
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Intuition
Gradient estimator: Vg J () ~ Z r(7)Ve log mg(az|st)
£>0

Interpretation:
- If r(z) iIs high, push up the probabilities of the actions seen
- If r(z) is low, push down the probabilities of the actions seen

Might seem simplistic to say that if a trajectory is good then all its actions were
good. But in expectation, it averages out!
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Intuition
Gradient estimator: Vg J () ~ Z r(7)Ve log mg(az|st)
£>0

Interpretation:
- If r(7) I1s high, push up the probabilities of the actions seen
- If r(z) is low, push down the probabilities of the actions seen

Might seem simplistic to say that if a trajectory is good then all its actions were
good. But in expectation, it averages out!

However, this also suffers from high variance because credit assignment
IS really hard.
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Presentations
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Questions?
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