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Recap: EM and Variational Inference

e The EM algorithm:

o Estep: ¢'T1 = argmin F (q,é’t)
q
B ~ _ p(zx]0")
_ p(le,H ) - ZZ p(z,x|9t)

o M-step: @iT1 :argmginF(th,gt)

p(x,z|0)
q(z|x)

£(0; x) = Eg(z1x) [log + KL(q(z]x) || p(zl|x,6))

= —F(q,0) + KL(q(zlx) || p(zlx, 6))




Recap

e The EM algorithm:

O E-step:

: EM and Variational Inference

qt+1 = arg min [ (q, Ht) Approximate p(z|x, 0):

/
Intractable when

complex

o

model p(z, x|0) isw — p(le, Ht) —

T p@r) (gl

q > o

p(z,x|0%)

O M-step:

ot = arg m@inF (q“’l, Qt)

find a tractable g(z|x,v*) that is
closest to p(z|x, 6%)

) = minKL(q(zlx,v) || p(zlx, 69))

= min F(q(z|x,v), 08%) + const.
v

3(9, X) = [Eq(z|x) [lOg

p(x,z|0)
q(z|x)

+ KL(q(z|x) || p(z|x, 6))

—F(q,0) + KL(q(z|x) || p(zlx, )




Recap: EM and Variational Inference

e The EM algorithm:
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VI assume a simple form of q to ensure
tractability




Recap: EM and Variational Inference

e The EM algorithm:

o Estep: ¢ 1 =argminF (g,0") Approximate p(z|x, 8%):
q > o find a tractable g(z|x,v*) that is
Intractable when

W t p(z, x|0t) closest to p(z|x, gt)
model p(Z,x|0) is — p(zlx’ H ) —

Complex f/—/zz p(Z,Xth) q(z|x,v*) = mvin KL(CI(le; v) || p(zlx, Ht))

p(z|x) =imin F(q(z|x,v), 0") + const.
‘ v

" KL(g(@v*) || p(z] %)

-

what is the difference?

VI assume a simple form of q to ensure
tractability




Recap: EM and Variational Inference

e The EM algorithm:

O E-step: (

t+1
q

/
Intractable when

model p(z, x|6) is

complex

o

W = p(z|x,0%) =
e

palx)

— arg min F (q, 975) Approximate p(z|x, 0):

> o find a tractable g(z|x,v*) that is

p(z,x|0Y) closest to p(z|x, 6%)

22 P(Z,x10%) | g(zlx,v) = min KL(q(z|x,v) || p(zlx, 6%))

" KL(g(@v*) || p(z] %)

=imin F(q(z|x,v), 0") + const.
v

What forms of q(z|x, v) shall we choose?
Factorized distribution -> mean field VI
Mixture of Gaussian distribution -> black-box VI

Neural-based distribution -> Variational Autoencoders




Black-box Variational Inference (BBVI)

e Probabilistic model: x -- observed variables, Z -- latent variables

e Variational distribution q;(z|x) with parameters 4, e.g.,

o Gaussian mixture distribution:

= “A Gaussian mixture model is a universal approximator of densities, in the sense that any
smooth density can be approximated with any specific nonzero amount of error by a Gaussian
mixture model with enough components.” (Deep Learning book, pp.65)

o0 Deep neural networks

e ELBO:

[,(ﬂ) — IIE':q(z|/1) [log p(x, Z)] - IIE:q(z|)l)[ log C[(Zl/l) ]

e Want to compute the gradient w.r.t variational parameters A

[Ranganath et al.,14]



The General Problem: Computing Gradients of Expectations

e When the objective function L is defined as an expectation of a (differentiable)
test function f;3(Z) w.r.t. a probability distribution q;(z)

L= [Eq,l(z) [fl (Z)]

e Computing exact gradients w.r.t. the parameters A is often infeasible

e Need stochastic gradient estimates

O The score function estimator (a.k.a log-derivative trick, REINFORCE)
© The reparameterization trick (a.k.a the pathwise gradient estimator)



Computing Gradients of Expectations w/ score function
o loss: L =Eg »lfa(2)]

o Log-derivative trick:  V;q, = q, V, log g,
o show that the gradient of L w.r.t. A is:

Vil = Eg,p»lfa(2)Valog q,(2) + V,f;(2)]
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Computing Gradients of Expectations w/ score function
o loss: L =Eg »lfa(2)]

o Log-derivative trick:  V;q, = q, V, log g,
e Gradient of L w.r.t. A:

Vil = Eg,p»lfa(2)Valog q,(2) + V,f;(2)]

O score function: the gradient of the log of a probability distribution

e Monte Carlo estimation of the expectation:

o0 Compute noisy unbiased gradients with Monte Carlo samples from g,

1S
VL = §Z 1fA(Zs)V7LlOg q,(zs) + V,fi(zs) where z; ~ q;(2)
s=
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Computing Gradients of Expectations w/ score function

o loss: L[ = qu(z) [f/l(z)]

e Log-derivative trick:  V;q; = q; Vylog g,
e Gradient of L w.r.t. A:

Vil = Eg,p»lfa(2)Valog q,(2) + V,f;(2)]

O score function: the gradient of the log of a probability distribution

e Monte Carlo estimation of the expectation:

o0 Compute noisy unbiased gradients with Monte Carlo samples from g,
1 S
VoL = §Z 1fA(Zs)V;LlOg q9:(zs) + V3 fa(2s) where z; ~ q;(2)
s=

e Pros: generally applicable to any distribution g(z|1)

e Cons: empirically has high variance — slow convergence 9



Computing Gradients of Expectations w/ reparametrization trick

o loss: L= Eq[fi(2)]
e Assume that we can express the distribution g,(2) with a transformation

€ ~ s(€) 2 ~ q(z]2)

z =t(e, A1)

E.g.
o RO e ~ Normal(0,1)

- 2
Z=eo+u &z~ Normal(u, o)

e Reparameterization gradient:

L = IE€~S(E) [fl (Z(E' A))]
o what’s the gradient of L w.r.t. A 2
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Computing Gradients of Expectations w/ reparametrization trick

o loss: L= Eq[fi(2)]
e Assume that we can express the distribution q;(z) with a transformation

e ~ s(e)
7 = t(e. 2) z ~ q(z|A)

E.g.
o RO e ~ Normal(0,1)

- 2
Z=eo+u &z~ Normal(u, o)

e Reparameterization gradient:

L= IE€~S(E) [fl (Z(E, A))]

o what’s the gradient of L w.r.t. A 2

V)LL — IE¢E~s(e) [szl(z) Vlt(e; A)]
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Computing Gradients of Expectations w/ reparametrization trick

o loss: L= Eq[fi(2)]
e Assume that we can express the distribution q;(z) with a transformation

€ ~ s(€) 2 ~ q(z]2)

z =t(e, A1)

E.g.
o RO e ~ Normal(0,1)

- 2
Z=eo+u &z~ Normal(u, o)

e Reparameterization gradient

L = Eeselfa(z(€ )]
v/l[’ — IE:E~s(e) [vzfl(z) V,1t((:', /D]

e Pros: empirically, lower variance of the gradient estimate

e Cons: Not all distributions can be reparameterized s



Reparameterization trick

e Reparametrizing Gaussian distribution

e ~ Normal(0,1)

_ 2
E— &z~ Normal(u, o)

Deterministic node I

~q(z]x) z=p+00Qc¢
‘ Random node

66 oS00

[Courtesy: Tansey, 2016]

16



Reparameterization trick

e Reparametrizing Gaussian distribution

e ~ Normal(0,1) &z~ Normal(u, o?)

Z=€o0+Uu
o Other reparameterizable distributions: e ~ Uniform(e) S 7~q2)
o Tractable inverse CDF F~1: Z = F_l(E)
=  Exponential, Cauchy, Logistic, Rayleigh, Pareto, Weibull, Reciprocal, Gompertz, Gumbel,

Erlang
O Location-scale:
" Laplace, Elliptical, Student’s t, Logistic, Uniform, Triangular, Gaussian
o Composition:

" Log-Normal (exponentiated normal) Gamma (sum of exponentials) Dirichlet (sum of Gammas)
Beta, Chi-Squared, F

[Courtesy: Tansey, 2016] 17



Computing Gradients of Expectations: Summary

o loss: L[ = qu(z) [f)[(z)]

e Score gradient

Vil = Eg,»lfa(2)Valog q1(2) + V,f;(2)]

o Pros: generally applicable to any distribution q(z|A)
o Cons: empirically has high variance — slow convergence

e Reparameterization gradient

v/'lL — II345~S(e) [vzf)l(z) V;lt(E, /D]

O Pros: empirically, lower variance of the gradient estimate
o Cons: Not all distributions can be reparameterized

18



Recall: Black-box Variational Inference (BBVI)

e Probabilistic model: X -- observed variables, Z -- latent variables

e Variational distribution q;(z|x) with parameters 4, e.g.,

o Gaussian mixture distribution:

= YA Gaussian mixture model is a universal approximator of densities, in the sense that any
smooth density can be approximated with any specific nonzero amount of error by a Gaussian
mixture model with enough components.” (Deep Learning book, pp.65)

o0 Deep neural networks

L(A) = Eg, »[log p(x, 2) —log q(2)]

e ELBO to be maximized:

L) = Egznyllog p(x, 2)] — Egzn)l log q(z|2) ]

e Want to compute the gradient w.r.t variational parameters A

19

[Ranganath et al.,14]



L= IIZq,l(z) [f)t (Z)]

BBVI with the score gradient Vil = Eq,»[f2(2)V1log q1(2) + V;£3(2)]
e ELBO:

L(A) = gz llogp(x,2)] — IEq(zM)[ log q(z|2) ]
o what's the score gradient w.r.t. A 2

Vil = Eq¢[Valogq(z[A)(log p(x.z) —logq(z]|A))]



L= IIE:qa(z) [f)t(z)]
BBVI with the score gradient Vil = Eq,»[/2(2)Vilog q:(2) + Vi /3(2)]

e ELBO:
L) = Egznllogp(x,2)] — Egzn)l log q(2]2) ]

o what'’s the score gradient w.r.t. A 2

VoL = E4[Vylogg(z|A)(log p(x,z) —logq(z|A))]

e Compute noisy unbiased gradients of the ELBO with Monte Carlo samples from the

variational distribution
S

1
Vil ~ < ) Valogq(zs|A)(log p(x.2) — log q(z5|2))

s=1

where z; ~ q(z]|A).

[Ranganath et al.,14]



BBVI with the reparameterization L =Eq@xlfa(2)]
gradient VoL = Eeose)[V.f2(2) Vit(e, D]

e ELBO:
L) = Egznllogp(x,2)] — Eg ezl log q(2]2) ]

o what’s the reparamerization gradient w.r.t. 4 2

e ~ s(e)
2 = t(e ) < z~q(z|A)

Vil =Ec 5[ V[log p(x,2) —log q(2)] V,t(e, )]



Variational Autoencoders (VAEs)



Variational Auto-Encoders (VAEs)

VAEs are a combination of the following ideas:

e Variational Inference
o ELBO

e Variational distribution parametrized as neural networks

e Reparameterization trick

[Courtesy: Dhruv, CS 4803]
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Variational Auto-Encoders (VAEs)

e Model py(x,2) = pg(x|2)p(2)
o po(x|2):
o p(z): prior, e.g., Gaussian
e Assume variational distribution g4 (Z]x)

o E.g., a Gaussian distribution parameterized as deep neural networks
0

e ELBO:

L(0,p;x) = Ec1(,>(z|x) [log pe(x,2)] + H(CI¢(Z|X))
= Eg,zix) [log pe(x|2)] —KL(qy(zlx) || p(2))

==

Reconstruction Divergence from prior
(KL divergence between two Guassians has
an analytic form)

25



Variational Auto-Encoders (VAEs)

e ELBO:
L(6, ¢; x) = Eg,(z1x)[log pe(x, 2)| + H(qy(z]x))

= Eq zi1x) [l0g pe(x|2)] — KL(qy(z|x) || p(2))

e Reparameterization:
o [u; 0] = fp(x) (a neural network)
o z=u+00®¢, €~N(0,1)

decoder model decoder model

Deterministic node ]

I
‘ 0 z=pu+oQc¢
. Random node e ~q(z|x) It
/] 1IN
o ¢00
| |

encoder model encoder model 26



Variational Auto-Encoders (VAEs)

e ELBO:
L(6, ¢; x) = Eg,(z1x)[log pe(x, 2)| + H(qy(z]x))

= Eq zi1x) [l0g pe(x|2)] — KL(qy(z|x) || p(2))

e Reparameterization:
o [@; 0] = fp(x) (a neural network)
o z=u+00¢, €~ N(01)

VoL =Ec_nc01)[ Vz|log pg(x,2) —log gy (z]x)| Vyz(e, )]

VoL =Eg,(zix)[Volog pg(x, 2)]

27



Example: VAEs for images

encode > decode >
Inference Generative

Reconstructed
Image

) 2

=

Distribution

[https://www.kaggle.com/rvislaywade/visualizing-mnist-using-a-variational-autoencoder]
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Example: VAEs for images

encode > decode >
Inference Generative

Reconstructed
Image

) 2

=

Distribution

[Courtesy: Fei-Fei Li, Justin Johnson, Serena Yeung, CS 231n]

Input Data

29




Example: VAEs for images

encode > decode >
Inference Generative

Reconstructe
Image

) 2

=

Latent
Distribution

Encoder network

Hz|z

q¢(2|)
Input Data

[Courtesy: Fei-Fei Li, Justin Johnson, Serena Yeung, CS 231n]
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Example: VAEs for images

encode > decode >
Inference Generative

Reconstructe
Image

) 2

input hidden output z
AN -
95(z|x) J;';’f,':':,::‘:“\t\‘\;\&\ po(x|2) | Sample z from z|a: ~ N(ﬂ’zl:c: Zzlm)
& > :ﬁ;:%%@&§. ) > T l///,/)" “k\\\\\\
_ Laent_ /J’ZISC EZ'SC
pistribution Encoder network
74 (2|T)
Input Data h

[Courtesy: Fei-Fel Li, Justin Johnson, Serena Yeung, CS 231n] 31



Example: VAEs for images

encode > decode >
Inference Generative

M|z

E:c|z

Decoder network

po(z]2)

input hidden output

A
qs(z|z) £\
4
> ',’}%0,‘.:,“;\\\\‘\,

SEERS "y
o

N2
=

~_

yA

po(x|2) Sample z from z|$ ~ N(szkc: Zzlm)

T

Latent
Distribution

Hz|z

Encoder network

96 (2|7)
Input Data
[Courtesy: Fei-Fei Li, Justin Johnson, Serena Yeung, CS 231n]

Ez:‘|:::

~_

b
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Example: VAEs for images

Fa¥
h
encode > decode >
Inference Generative Sample XIZ fyz N&lz’ Exlz)
y’:z:|z E:I: | P
Decoder network v
pe(z|2)
input hidden output z
AN\ o (e
95(z|x) é;;},’;::::::\“\:\\\.ﬁ‘ po(x|2) | Sample z from z|a: ~ N(H’zkc: Zzlm)
T > 4?54'0:"3:.\&?\“\\ - T
%%M / \
. SHUEnt Hz|x Ez|x
Pistribution Encoder network
q¢(z|z)
Input Data h

[Courtesy: Fei-Fel Li, Justin Johnson, Serena Yeung, CS 231n] 33



Data manifold for 2-d z

: VAEs for images

Example

AN AOAMNMAANANANNSNSNSNNNSANNS
VAV EAAALLL LGS SN
QALY LR L LB Y Y S s~
QO 0LV EMHBEAIVI I ST .-
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SELLELEEE 2 2 4 2 2 B R 2 L S N
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SAAdddgesrrrrrIrrITI2aN
AdITTTFTFrrerrPIRTRIR™NN
SFTTTTrC oo oot RNRNNN
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= 5 A S
o =2 =
= N\ NN
N 2 N
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d Y
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£ QO ) &
o QT > 3 &
O
= O 0
O o &
o O
mUﬂ
O o

Decoder network
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Vary z,

[Courtesy: Fei-Fei Li, Justin Johnson, Serena Yeung, CS 231n]



Example: VAEs for images Data manifold for 2-d z

Generating samples:

o Use decoder network. Now sample z
from prior!

l
|
W

+
&
$ L H S A CH G L

oA A H A S

s s I

~

I
Sample x|z from 58|z ~ N(Mm|z, 2:z:lz)

/ \ (Degree of smile£

K|z :z:|z

Decoder network \/
py(z|2)
2

Sample z from z ~ N(0, I)

1

Vary z;

i

-
"

]
" ¢
~

HCH S HH HH LS
HOHH H HH H LS
o

a
:;l
3
x&
x
1'1

=
o
A%
A%
=
28
1

s

[Courtesy: Fei-Fei Li, Justin Johnson, Serena Yeung, CS 231n]



Example: VAEs for text

Latent code interpolation and sentences generation
from VAESs [Bowman et al., 2015].

66 29

i want to talk to you .
“o want to be with you . ”
“o do n’t want to be with you .

1 do n’t want to be with you .
she did n’t want to be with him .

)




Note: Amortized Variational Inference

- Variational distribution as an inference model g4 (z|x) with
parameters ¢ (which was traditionally factored over samples)

« Amortize the cost of inference by learning a single data-dependent
inference model

* The trained inference model can be used for quick inference on
new data

38



Variational Auto-encoders: Summary

e A combination of the following ideas:
o Variational Inference: ELBO
O Variational distribution parametrized as neural networks

O Reparameterization trick

L(6,p; x) = [logpy(x|z)] —KL(q4(z|x) || p(2))

</ ‘l'

Reconstruction Divergence from prior

e Pros: (Razavi et al., 2019)
O Principled approach to generative models

o Allows inference of q(z|x), can be useful feature representation for other tasks

e Cons:
0 Samples blurrier and lower quality compared to GANs

o0 Tend to collapse on text data
39



Summary: Supervised / Unsupervised Learning

e Supervised Learning

0  Maximum likelihood estimation (MLE)

e Unsupervised learning

©  Maximum likelihood estimation (MLE) with latent variables

Marginal log-likelihood

o EM algorithm for MLE

ELBO / Variational free energy

O Variational Inference

a

a

a

ELBO / Variational free energy
Variational distributions
Factorized (mean-field V)
Mixture of Gaussians (Black-box VI)
Neural-based (VAEs)

palv)

/KL(g(z:v*) || p(z] %))

encode > decode >
Inference Generative

Input Reconstructed
Image

09

Distribution



Presentations
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Questions?
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