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Logistics

e 04/29: today, lecture #13

e 05/01: no class

e 05/03: Zoom (zoom link on Piazza)

e 05/06: Zoom

e 05/08: Zoom

e 05/10: Zoom

e 05/13 and future: in-person, lecture + paper presentations



Recap: Unsupervised Learning

e Each data instance is partitioned into two parts:
o observed variables x
o latent (unobserved) variables z

e Want to learn a model pg(x, Z)

[Content adapted from CMU 10-708]

VAE




Recap: Why is Learning Harder?

o Complete log likelihood: it both x and z can be observed, then

tc(0;x,2) = logp(x,2|0) = log p(ZIHZ) + log p(xIZj))
o Decomposes into a sum of factors, the arameter for each factor can be
estimated separately
e But given that z is not observed, £.(8; x, z) is a random quantity, cannot
be maximized directly

e Incomplete (or marginal) log likelihood: with z unobserved, our
objective becomes the log of a obability:

£(0; x) = log p(x|0)

o All parameters become coupled together

o In other models when z is complex (continuous) variables (as we'll see later),

marginalization over z is intractable.
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Recap: Expectation Maximization (EM)

o Forany distribution g(z|x), define expected complete log likelihood:

Eq[;c(é?; x,z)] = Z}z&c) log p(x.2]6)

R T e
o A deterministic function of 6
o Inherit the factorizability of ¢.(6; x, 2)

e Use this as the surrogate objective

e Does maximizing this surrogate yield a maximizer of the likelihood?
o We can show that:

£(0;x) 2 E;|£.(0;x,2)] + H(q)
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Expectation Maximization (EM)

e For any distribution g(z|x), define expected complete log likelihood:

Eql£c(63%,2)] = ) a(zlx) log p(x, 216)
- - show that £(6; x) > E,[£.(6; x,2)] + H(q) )/

o : a useful inequality: Jensen'’s inequality )2 Lw\y
o If f is convex: g
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Expectation Maximization (EM)

e For any distribution g(z|x), define expected complete log likelihood:

Eql£c(63%,2)] = ) a(zlx) log p(x, 216)

- show that £(6;x) = E,[£.(8;x,2)] + H(q)
zf(g)ﬁ— (jzﬂ?ﬂé/g
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Expectation Maximization (EM)

e For any distribution g(z|x), define expected complete log likelihood:

Eql£c(63%,2)] = ) a(zlx) log p(x, 216)

. :show that £(6;x) = E,[£.(0; x,2)] + H(q)



Expectation Maximization (EM)

e For any distribution g(z|x), define expected complete log likelihood:
Eql2c(0;%,2)] = ) q(zlx) logp(x, 216)

¢ (6 ) =log p(x|0)
=log ). p(x,|6)

Jensen’s inequality

_ px,z|0)
. loggq(z %) g(z|x) 5 J{zwz.
// @gq(z | X)log P ; Z| )L?)/ Evidgnce Lower Bound (ELBO)

—Zq<z|x>logp<xz|e> Zq(z|x>logc/<z|x>
q[fc(ﬁ, X, Z)] + H(CI) v 9



, : ¥, 0
Expectation Maximization (EM) %jw ule F@ /v L)p(;g/@
e For any distribution g(z|x), define expected complete log likelihood: < /70(///;)
Bq[6c(8;%,2)] = ) a(zlx) log p(x, 216)

e Conclusion-1:

£(60; %) = Eql€.(60;%,2)] + H(q) = Equ llog
N——
° ; shvéﬂ\hat
p(x,ZIH)] .
€6’x 21x) 10 + KL(g(z|x) || p(z|x, 6

&4@)1&
=Sty ””‘é’(mjﬁl@ ik fz( ‘BN m]
= @,[/ﬁ Pcz(ro)»} éiUJ/?(k/Q)J = ljf(x

p(x,z|0)
q(z|x)

(ELBO)




Expectation Maximization (EM)

e For any distribution g(z|x), define expected complete log likelihood:

Eglc(05%,2)] = ) q(zl0)logp(x.210) 7 ELB
‘ 2 \

e Conclusion-1: Varigy (
— (x,2|0) i
£(6; %) 2|Eq[¢.(6;x,2)] + H (qj =Eq(aix) llog pq(z| ,lc) ] ELEO) free
v _ en
o - show tha 7\ 527
p(x,z|0) ﬁ
[ECI(Z|x) [lOg q(zlx) KL(C[(Z'X) ” p(le, 8))

o Since KL divergence is non-negative, this is another way to prove Conclusion-1
—_—

2(0; x) =
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Lower Bound and Free Energy e }Ew — fé@
4 (2/@x ~ X)

e Forfixed data x, define a functional called the (variational) free energy:
A

F(g:@ = —Eql£:(6;x,2)] = H(q) 52':{(6; x)

o The EM algorithm is coordinate-decent on F q o).
o At each step t: ‘

-(\ZE—step: qt_I_l — arg min F' (q, Ht)
q -~

= M-step: 6’t+1 — arg m@mF (qt+17 et)
- e}
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F(, 6%

E-step: minimization of F(q,0) w.r.tq

o : show that that optimal solutioh of E-step is B é
t+1 — - A t
ﬁ-; = argming F(q,0%) = p(z|x,6°%) &

o l.e., the posterior distribution over the latent variables given the data and the
current par%etew.

o use the fact
e, Evidence Lower Bound (ELBO)
+KL(q(z]x) || p(zlx, 6))

cont. T AT L= 9

=(=F (¢, )+ KL(q(z|x) || p(2]x,0))

\
Variational free energr7————%2————‘ )]? @:-]D
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E-step: minimization of F(q,0) w.r.t g

e Claim: .

q**' = argmin, F(q,6%) = p(z|x,0%)

o This is the posterior distribution over the latent variables given the data and
the current parameters.

e Proof (easy): recall

,z|6°
f(et; X) = [Eq(z|x) [logpgzzzl.lx) ) + KL(CI(le) | p(z]x, et))

Independent of g —F(q,0% >0

o F(q,0% is minimized when KL(q(z|x) || p(z|x,6%)) = 0, which is achieved only
when q(z|x) = p(z|x,6")
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M-step: minimization of F(gq,0) w.r.t 6

e Note that the free energy breaks into two terms:

F(q,0) =—E;|£.(6;x,2)] — B£q) = —£(6; x)

o The first term is the expected complete lo§ likelihood and the second term,
which does not depend on g, is the entropy.

e Thus, in the M-step, maximizing with respect to 6 for fixed g we only
need to consider the first term:

6! = argmaxg E,[£.(0; x,z)] = argmaxg 2 qtt1(z|x) log p(x, z|0)
AN~ VA A ¢

o Under optimal ¢**1, this is equivalent to solving a standard MLE of fully
observed model p(x, z|6), with z replaced by its expectation w.rt p(z|x,0Y)

T—
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EM Algorithm: Quick Summary

e Observed variables x, latent variables z
e To learn a model p(x, z|8), we want to maximize the marginal log-

likelihood
£(0; x) =logp(x|0) = logz: p(x,z|0)

o But it's too difficult
e EM algorithm:

o maximize W)
o Or equivalently, minimize an upper bound of —£(6; x)

o Key equatiom- """""""" *  Evidence Lower Bound (ELBO)
p(x,z[0)],
£(0; x) .IEq(Z|x) log i+ KL(q(z|x) || p(z|x,6))
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EM Algorithm: Quick Summary

e The EM algorithm W@F(q,é’)
-@ arg min F' (,6') = p(zlx, 6%
q
= the posterior distribution over the latent variables given the data and the

current parameters £@/£ &(7/ &V/é(i’j

o M-steg: g't! = arg m@inF (th,Ht) = argmaxgy 2 qtt1(z]|x) log p(x, z|0)
VA L 4

p(x,z|0)
q(z|x)

£(0;x) = Eq(zx) [log + KL(q(z|x) || p(z|x,0))

= —F(q,6) +KL(q(z|x) || p(zlx, 0)) y




Example: Gaussian Mixture Models (GMMs) @

o Consider a mixture of K Gaussian components: l
o Z is alatent class indicator vector:

p(z,) = multi(z, : 7) = [ [ ()" @

o X is a conditional Gaussian variable with a class-specific mean/covariance

1
(Zﬂ)m/lek’

p(x, |25 =1, u,%) = expli(x, - 1) S (x, - 1)}

o The likelihood of a sample: .
mixture component

mixture proportion

1,2 =Y p(z* =1|7)p(x,| " =1, 41,%) —
= Zzn Hk ((”k)zg N(x, :,ukazk)zic ): Zk TN (x| 1y, 2,)

p(x,
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Example: Gaussian Mixture Models (GMMs)

e Consider a mixture of K Gaussian components
e The expected complete log likelihood

P [£e(0;2,2)] = ZEQ log p (2 | )] + ZEQ logp (T | 2ns 11, X))

e E-step: computing the posterior of z,, given the current estimate of the

arameters (i.e., m, u, X)
¥ = 1,x | u®, 20

y p(zn
mON (x| 1, 250)

() ) (@)
Zi:ﬂi N(‘xn9| H, azi )\ p(x | u®,z®)

p(z, =1]x,u",2) =
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Example: Gaussian Mixture Models (GMMs)

e E-step: computing the posterior of z,, given the current estimate of the
parameters (i.e., T, u, X)

p(z" = Dp(z | 2* = 1)
p(x)
__ p(EF=1Dp(z | " =1)
S p(z =1)p(x | 27 =1)
_ mN (x| prs B
> o TN (x|, %)
= Tk

p(z" =1]z)=
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Example: Gaussian Mixture Models (GMMs)

e M-step: computing the parameters given the current estimate of z,

o Once we have ¢'*1(z¥|x) = p(z*|x, 8%) = y*, we can compute the expected
likelihood:

6t*1 = argmaxg 2 q**1(z* = 1|x) log p(x, z* = 1|0)
k

eq+1 [log (p (3372 ‘ 9))]
=Y " (logp (+F = 1]0) +log P (z | 2" = 1,0))
k

=) wlogme + ) yklog N (a; uk, i)
L k

o We need to fit K Gaussians, just need to weight examples by y;,
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Example: Gaussian Mixture Models (GMMs)

e M-step: computing the parameters given the current estimate of z,

7, =argmax(l (0)), = 52-(1.(0))=0,Vk, st an =1

o = 2Bl B )

OF
i —argmax(®)), = ) = 2en”

Z Z'k(t) Fact:
non dlogA™|
k(t) t+1) (t+1)\T oA"Y
* Tn (xn o ‘U )('xn o lu )
z“k = arg max<l(9)>’ = Zg‘m) - Zn Zkrk(t) : Ox’ Ax =xx"

O0A
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EM Algorithm for GMM: Quick Summary

e Initialize the means u;, , covariances X, and mixing coefficients

e lterate until convergence:
o E-step: Evaluate the posterior given current parameters

ﬂ-kN (CB ‘ :ukvzk)

p(z" =1]x) =
S N (| g, B5)

= Yk

o M-step: Re-estimate the parameters given current posterior

23



Example: Gaussian Mixture Models (GMMs)

e Start: “guess” the centroid u; and covariance X of each of the K clusters

e Loop:
e L=1 . " L=4
2|0 R A S

!‘ :gO ° . ) [

o O # | S
» 2 ¢ &

(a) (c) (d) (e)
L=6 L=8 L=10 L=12
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Summary: EM Algorithm

e A way of maximizing likelihood function for latent variable models. Finds MLE
of parameters when the original (hard) problem can be broken up into two
(easy) pieces

o Estimate some “missing” or “unobserved” data from observed data and current
parameters.

o Using this “complete” data, find the maximum likelihood parameter estimates.

25



Summary: EM Algorithm

e The EM algorithm is coordinate-decent on F(q, 6)

o E-step: th :argmqinF(q, Qt) = p(z|x,6°)

o M-step: gt = arg meinF (¢"*t1,0") = argmaxg 2 q**1(z|x) log p(x, 2|0)
VA

p(x,z|0)
q(z|x)

£(0;x) = Eq(zx) [log + KL(q(z|x) || p(zlx, 6))

= —F(q,0) + KL(q(z|x) || p(z]x,6))

e Limitation: need to be able to compute p(z|x, 8), not possible for more

complicated models --- solution: Variational inference o



Each EM iteration guarantees to improve the likelihood

p(x,z|0)
q(z|x)

log

£(6;x) = Eqzx) + KL(CI(Z|x) 1 p(zlx,@))

KL(ng)I [
y Y
) ' KL(g|lp) = 0 — SR N S I

£(q,9) Inp(X(6) L(g,0°') Inp(X[6°) L(g,6™") In p(X|6)

y y A 4 A 4 A 4 y

E-step M-step

[PRML, Chap 9.4] 27



EM Variants
e Sparse EM

o Do not re-compute exactly the posterior probability on each data point under all
models, because it is almost zero.

o Instead keep an "active list” which you update every once in a while.

e Generalized (Incomplete) EM:

o It might be hard to find the ML parameters in the M-step, even given the
completed data. We can still make progress by doing an M-step that improves
the likelihood a bit (e.g. gradient step).
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