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Outline
● Unsupervised Learning: Expectation Maximization
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Recap: Unsupervised Learning for Representations
● For text 𝒙, derive a latent representation 𝒛
! with no annotation 

● Example 1: Topic models (e.g., LDA)
! 𝒛: a distribution over topics (or assignment to topics)

3[Blei et al., 2003, Latent Dirichlet Allocation]

Clustering



Recap: Unsupervised Learning for Representations
● For text 𝒙, derive a latent representation 𝒛
! with no annotation 

● Example 1: Topic models (e.g., LDA)
! 𝒛: a distribution over topics (or assignment to topics)

● Example 2: Variational Autoencoders (VAEs)
! 𝒛: a dense feature vector

4[Blei et al., 2003, Latent Dirichlet Allocation]



Recap: Unsupervised Learning
● Each instance has two parts:
! observed variables 𝒙
! latent (unobserved) variables 𝒛
! A.k.a., “incomplete” data

● Want to learn a model 𝑝! 𝒙, 𝒛

5[Content adapted from CMU 10-708]



Recap: Running Example: Gaussian Mixture Models (GMMs)
● Consider a mixture of K Gaussian components:

● This model can be used for unsupervised clustering

6



Recap: Running Example: Gaussian Mixture Models (GMMs)
● Consider a mixture of K Gaussian components:

7

Parameters 𝜽 to be learned:



Recap: Running Example: Gaussian Mixture Models (GMMs)
● Consider a mixture of K Gaussian components:
● Recall MLE for completely observed data
! Data log-likelihood:

! MLE:

● What if we do not know 𝑧#? 8



Why is Learning Harder? 
● Complete log likelihood: if both 𝒙 and 𝒛 can be observed, then

! Decomposes into a sum of factors, the parameter for each factor can be 
estimated separately

● But given that 𝒛 is not observed, ℓ$ 𝜃; 𝒙, 𝒛 is a random quantity, cannot 
be maximized directly

● Incomplete (or marginal) log likelihood: with 𝒛 unobserved, our objective 
becomes the log of a marginal probability: 

! All parameters become coupled together
! In other models when 𝒛 is complex (continuous) variables (as we’ll see later), 

marginalization over 𝒛 is intractable.
9

ℓ$ 𝜃; 𝒙, 𝒛 = log 𝑝 𝒙, 𝒛 𝜃 = log 𝑝 𝒛 𝜃% + log 𝑝(𝒙|𝒛, 𝜃&)

ℓ 𝜃; 𝒙 = log 𝑝 𝒙 𝜃 = log1
%
𝑝(𝒙, 𝒛|𝜃)



Expectation Maximization (EM)
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This class



Expectation Maximization (EM)
● For any distribution 𝑞(𝒛|𝒙), define expected complete log likelihood: 

! A deterministic function of 𝜃
! Inherit the factorizability of ℓ! 𝜃; 𝒙, 𝒛

● Use this as the surrogate objective
● Does maximizing this surrogate 𝔼' ℓ$ 𝜃; 𝒙, 𝒛 yield a maximizer of the 

likelihood ℓ 𝜃; 𝒙 ? 
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𝔼' ℓ$ 𝜃; 𝒙, 𝒛 =1
%
𝑞 𝒛 𝒙 log 𝑝(𝒙, 𝒛|𝜃)



Expectation Maximization (EM)
● For any distribution 𝑞(𝒛|𝒙), define expected complete log likelihood: 

● Jensen’s inequality

12

𝔼' ℓ$ 𝜃; 𝒙, 𝒛 =1
%
𝑞 𝒛 𝒙 log 𝑝(𝒙, 𝒛|𝜃)

≥

= 𝔼' ℓ$ 𝜃; 𝒙, 𝒛 + 𝐻 𝑞

Evidence Lower Bound (ELBO)



Expectation Maximization (EM)
● For any distribution 𝑞(𝒛|𝒙), define expected complete log likelihood: 

● Jensen’s inequality

● Indeed we have

13

≥

ℓ 𝜃; 𝒙 = 𝔼'(𝒛|𝒙) log
𝑝 𝒙, 𝒛|𝜃
𝑞 𝒛 𝒙

+ KL 𝑞 𝒛 𝒙 || 𝑝 𝒛 𝒙, 𝜃

𝔼' ℓ$ 𝜃; 𝒙, 𝒛 =1
%
𝑞 𝒛 𝒙 log 𝑝(𝒙, 𝒛|𝜃)



Lower Bound and Free Energy

● For fixed data 𝒙, define a functional called the (variational) free energy: 

● The EM algorithm is coordinate-decent on 𝐹
! At each step 𝑡:

§ E-step:

§ M-step: 

14

𝐹 𝑞, 𝜃 = −𝔼( ℓ) 𝜃; 𝒙, 𝒛 − 𝐻 𝑞 ≥ −ℓ(𝜃; 𝒙)



E-step: minimization of 𝐹 𝑞, 𝜃 w.r.t 𝑞
● Claim:

! This is the posterior distribution over the latent variables given the data and 
the current parameters. 

● Proof (easy): recall

! 𝐹 𝑞, 𝜃" is minimized when KL 𝑞 𝒛 𝒙 || 𝑝 𝒛 𝒙, 𝜃" = 0, which is achieved only 
when 𝑞 𝒛 𝒙 = 𝑝 𝒛 𝒙, 𝜃-

15

𝑞234 = argmin( 𝐹 𝑞, 𝜃2 = 𝑝(𝒛|𝒙, 𝜃2)

ℓ 𝜃-; 𝒙 = 𝔼'(𝒛|𝒙) log
𝑝 𝒙, 𝒛|𝜃-

𝑞 𝒛 𝒙
+ KL 𝑞 𝒛 𝒙 || 𝑝 𝒛 𝒙, 𝜃-

Independent of 𝑞 −𝐹 𝑞, 𝜃- ≥ 0



M-step: minimization of 𝐹 𝑞, 𝜃 w.r.t 𝜽
● Note that the free energy breaks into two terms:

! The first term is the expected complete log likelihood and the second term, 
which does not depend on q, is the entropy.

● Thus, in the M-step, maximizing with respect to 𝜃 for fixed 𝑞 we only 
need to consider the first term: 

! Under optimal 𝑞"#$, this is equivalent to solving a standard MLE of fully 
observed model 𝑝 𝒙, 𝒛 𝜃 , with z replaced by its expectation w.r.t 𝑝(𝒛|𝒙, 𝜃!)

16

𝐹 𝑞, 𝜃 = −𝔼( ℓ) 𝜃; 𝒙, 𝒛 − 𝐻 𝑞 ≥ ℓ(𝜃; 𝒙)

𝜃-./ = argmax! 𝔼' ℓ$ 𝜃; 𝒙, 𝒛 = argmax!1
%
𝑞-./ 𝒛 𝒙 log 𝑝(𝒙, 𝒛|𝜃)



Running Example: Gaussian Mixture Models (GMMs)
● Consider a mixture of K Gaussian components:

17



Running Example: Gaussian Mixture Models (GMMs)
● Consider a mixture of K Gaussian components
● The expected complete log likelihood

● E-step: computing the posterior of 𝑧# given the current estimate of the 
parameters (i.e., 𝜋 , 𝜇, Σ) 

18

𝑝(𝑧"# = 1, 𝑥, 𝜇 ! , Σ(!))

𝑝(𝑥, 𝜇 ! , Σ(!))



Example: Gaussian Mixture Models (GMMs)
● M-step: computing the parameters given the current estimate of 𝑧#

19



Example: Gaussian Mixture Models (GMMs)
● Start: “guess” the centroid 𝜇0 and covariance Σ0 of each of the K clusters 
● Loop:

20



Summary: EM Algorithm
● A way of maximizing likelihood function for latent variable models. Finds MLE 

of parameters when the original (hard) problem can be broken up into two 
(easy) pieces 
! Estimate some “missing” or “unobserved” data from observed data and current 

parameters. 
! Using this “complete” data, find the maximum likelihood parameter estimates. 

● Alternate between filling in the latent variables using the best guess (posterior) 
and updating the parameters based on this guess: 

! E-step:

! M-step: 

21



Each EM iteration guarantees to improve the likelihood 

22

ℓ 𝜃; 𝒙 = 𝔼'(𝒛|𝒙) log
𝑝 𝒙, 𝒛|𝜃
𝑞 𝒛 𝒙

+ KL 𝑞 𝒛 𝒙 || 𝑝 𝒛 𝒙, 𝜃

E-step M-step

[PRML, Chap 9.4]



EM Application: machine translation
● Lexical translation

[Slides courtesy: Yulia Tsvetkov - CMU; Philipp Koehn - JHU; Chris Dyer - DeepMind]



EM Application: machine translation

24

● Lexical translation IrQE<Y�0g<[hY<jQ][

Ѵ �]q�G]�qI�jg<[hY<jI�<�q]gG�� ]]X�Qj�kd�Q[�jPI�GQEjQ][<gs

�<kh�¡�P]khI��DkQYGQ[O��P]ZI��P]khIP]YG��hPIYY

Ѵ !kYjQdYI�jg<[hY<jQ][h
Ѵ h]ZI�Z]gI�NgIfkI[j�jP<[�]jPIgh
Ѵ GQNNIgI[j�q]gG�hI[hIh��GQNNIgI[j�gIOQhjIgh��GQNNIgI[j�Q[NYIEjQ][h�¥�¦
Ѵ P]khI��P]ZI�<gI�E]ZZ][

Ѵ hPIYY�Qh�hdIEQ<YQvIG�¥jPI��<kh�]N�<�h[<QY�Qh�<�hPIYY¦

�]q�E]ZZ][�Qh�I<EP�

 ]]X�<j�<�d<g<YYIY�E]gdkh�¥�IgZ<[�jIrj�<Y][O�qQjP��[OYQhP�
jg<[hY<jQ][¦



EM Application: machine translation
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● Lexical translation IrQE<Y�0g<[hY<jQ][

Ѵ �]q�G]�qI�jg<[hY<jI�<�q]gG�� ]]X�Qj�kd�Q[�jPI�GQEjQ][<gs

�<kh�¡�P]khI��DkQYGQ[O��P]ZI��P]khIP]YG��hPIYY

Ѵ !kYjQdYI�jg<[hY<jQ][h
Ѵ h]ZI�Z]gI�NgIfkI[j�jP<[�]jPIgh
Ѵ GQNNIgI[j�q]gG�hI[hIh��GQNNIgI[j�gIOQhjIgh��GQNNIgI[j�Q[NYIEjQ][h�¥�¦
Ѵ P]khI��P]ZI�<gI�E]ZZ][

Ѵ hPIYY�Qh�hdIEQ<YQvIG�¥jPI��<kh�]N�<�h[<QY�Qh�<�hPIYY¦

�hjQZ<jI�0g<[hY<jQ][�+g]D<DQYQjQIh

!<rQZkZ�YQXIYQP]]G�IhjQZ<jQ][



Challenge: alignment
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��YQO[ZI[j��k[EjQ][

Ѵ �[�<�d<g<YYIY�jIrj�¥]g�qPI[�qI�jg<[hY<jI¦��qI�<YQO[�q]gGh�Q[�][I�
Y<[Ok<OI�qQjP�jPI�q]gGh�Q[�jPI�]jPIg

Ѵ �YQO[ZI[jh�<gI�gIdgIhI[jIG�<h�pIEj]gh�]N�d]hQjQ][h�



Challenge: alignment
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● Formalizing alignment with an alignment function Ѵ �]gZ<YQvQ[O�<YQO[ZI[j�qQjP�<[�<YQO[ZI[j�Nk[EjQ][

Ѵ !<ddQ[O�<[��[OYQhP�j<gOIj�q]gG�<j�d]hQjQ][�Q�j]�<��IgZ<[�
h]kgEI�q]gG�<j�d]hQjQ][�W�qQjP�<�Nk[EjQ][�<���Q�ĺ�W

Ѵ �r<ZdYI

�YQO[ZI[j��k[EjQ][�



Challenge: alignment

28

● Reordering .I]gGIgQ[O

Ѵ 7]gGh�Z<s�DI�gI]gGIgIG�GkgQ[O�jg<[hY<jQ][�



Challenge: alignment
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● One-to-many Translation $[I�j]�Z<[s�0g<[hY<jQ][

Ѵ ��h]kgEI�q]gG�Z<s�jg<[hY<jI�Q[j]�Z]gI�jP<[�][I�j<gOIj�q]gG
Ѵ



Challenge: alignment

30

● Word Dropping 7]gG��g]ddQ[O

Ѵ ��h]kgEI�q]gG�Z<s�[]j�DI�jg<[hY<jIG�<j�<YY



Challenge: alignment
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● Word Insertion 7]gG��[hIgjQ][

Ѵ 7]gGh�Z<s�DI�Q[hIgjIG�GkgQ[O�jg<[hY<jQ][�
Ѵ �[OYQhP�Wkhj�G]Ih�[]j�P<pI�<[�IfkQp<YI[j
Ѵ �kj�Qj�Zkhj�DI�IrdY<Q[IG���qI�jsdQE<YYs�<hhkZI�IpIgs�h]kgEI�

hI[jI[EI�E][j<Q[h�<�"1  �j]XI[



IBM Model 1 
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● Simplest lexical translation model ��!�!]GIY�Â

Ѵ 0g<[hY<jQ][�dg]D<DQYQjs
Ѵ N]g�<�N]gIQO[�hI[jI[EI�N�Þ�¥N

À
�������N

YN
�¦�]N�YI[OjP�Y

N
�

Ѵ j]�<[��[OYQhP�hI[jI[EI�I�Þ�¥I
À
�������I

YI
�¦�]N�YI[OjP�Y

I
�

Ѵ qQjP�<[�<YQO[ZI[j�]N�I<EP��[OYQhP�q]gG�I
W
�j]�<�N]gIQO[�q]gG�N

Q
�

<EE]gGQ[O�j]�jPI�<YQO[ZI[j�Nk[EjQ][�<���W�ĺ�Q

Ѵ d<g<ZIjIgࣅ��Qh�<�[]gZ<YQv<jQ][�E][hj<[j



Example

33

�r<ZdYI



Learning Lexical Translation Models 
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 I<g[Q[O� IrQE<Y�0g<[hY<jQ][�!]GIYh

7I�q]kYG�YQXI�j]�IhjQZ<jI�jPI�YIrQE<Y�jg<[hY<jQ][�dg]D<DQYQjQIh�
j¥I�N¦�Ng]Z�<�d<g<YYIY�E]gdkh

Ѵ ����Dkj�qI�G]�[]j�P<pI�jPI�<YQO[ZI[jh

Ѵ 
PQEXI[�<[G�IOO�dg]DYIZ
Ѵ �QN�qI�P<G�jPI�<YQO[ZI[jh�

ĺ�qI�E]kYG�IhjQZ<jI�jPI�d<g<ZIjIgh�]N�]kg�OI[Ig<jQpI�Z]GIY�
¥! �¦

Ѵ QN�qI�P<G�jPI�d<g<ZIjIgh�

ĺ�qI�E]kYG�IhjQZ<jI�jPI�<YQO[ZI[jh



EM algorithm

35

● Observed data: parallel pairs 𝑒, 𝑓
● Missing (latent) data: alignment 𝑎

Iterates:
● E-step: use the model to assign probabilities to the missing data
● M-step: estimate model parameters from completed data 



EM algorithm
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● Observed data: parallel pairs 𝑒, 𝑓
● Missing (latent) data: alignment 𝑎�!��YO]gQjPZ

Ѵ �[QjQ<Y�hjId��<YY�<YQO[ZI[jh�Ifk<YYs�YQXIYs
Ѵ !]GIY�YI<g[h�jP<j��I�O���Y<�Qh�]NjI[�<YQO[IG�qQjP�jPI



EM algorithm
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● Observed data: parallel pairs 𝑒, 𝑓
● Missing (latent) data: alignment 𝑎�!��YO]gQjPZ

Ѵ �[QjQ<Y�hjId��<YY�<YQO[ZI[jh�Ifk<YYs�YQXIYs
Ѵ !]GIY�YI<g[h�jP<j��I�O���Y<�Qh�]NjI[�<YQO[IG�qQjP�jPI

�!��YO]gQjPZ

Ѵ �NjIg�][I�QjIg<jQ][
Ѵ �YQO[ZI[jh��I�O���DIjqII[�Y<�<[G�jPI�<gI�Z]gI�YQXIYs



EM algorithm
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● Observed data: parallel pairs 𝑒, 𝑓
● Missing (latent) data: alignment 𝑎�!��YO]gQjPZ

Ѵ �[QjQ<Y�hjId��<YY�<YQO[ZI[jh�Ifk<YYs�YQXIYs
Ѵ !]GIY�YI<g[h�jP<j��I�O���Y<�Qh�]NjI[�<YQO[IG�qQjP�jPI

�!��YO]gQjPZ

Ѵ �NjIg�][I�QjIg<jQ][
Ѵ �YQO[ZI[jh��I�O���DIjqII[�Y<�<[G�jPI�<gI�Z]gI�YQXIYs

�!��YO]gQjPZ

Ѵ �NjIg�<[]jPIg�QjIg<jQ][
Ѵ �j�DIE]ZIh�<dd<gI[j�jP<j�<YQO[ZI[jh��I�O���DIjqII[�NYIkg�<[G�

NY]qIg�<gI�Z]gI�YQXIYs�¥dQOI][�P]YI�dgQ[EQdYI¦



EM algorithm

39

● Observed data: parallel pairs 𝑒, 𝑓
● Missing (latent) data: alignment 𝑎�!��YO]gQjPZ

Ѵ 
][pIgOI[EI
Ѵ �[PIgI[j�PQGGI[�hjgkEjkgI�gIpI<YIG�Ds��!



EM algorithm
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● Observed data: parallel pairs 𝑒, 𝑓
● Missing (latent) data: alignment 𝑎�!��YO]gQjPZ

Ѵ 
][pIgOI[EI
Ѵ �[PIgI[j�PQGGI[�hjgkEjkgI�gIpI<YIG�Ds��!

�!��YO]gQjPZ

Ѵ +<g<ZIjIg�IhjQZ<jQ][�Ng]Z�jPI�<YQO[IG�E]gdkh



IBM Model 1 and EM
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��!�!]GIY�Â�<[G��!

�ddYsQ[O�jPI�EP<Q[�gkYI�

W�WDEOH



IBM Model 1 and EM: E-step
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IBM Model 1 and EM: E-step
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The trick
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IBM Model 1 and EM: E-step
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IBM Model 1 and EM: E-step
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��!�!]GIY�Â�<[G��!���rdIEj<jQ][�/jId

(�VWHS

W�WDEOH



IBM Model 1 and EM: M-step
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IBM Model 1 and EM: M-step
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��!�!]GIY�Â�<[G��!��!<rQZQv<jQ][�/jId

(�VWHS

0�VWHS

W�WDEOH



IBM Model 1 and EM: M-step
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��!�!]GIY�Â�<[G��!��!<rQZQv<jQ][�/jId

1dG<jI�j�j<DYI�

S�WKH_OD�� �F�WKH_OD��F�OD�
�

(�VWHS

0�VWHS

W�WDEOH



Higher IBM Models 
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Key Takeaways

● Unsupervised learning
! Maximum likelihood estimation (MLE) with latent variables
! EM algorithm for MLE
§ Expected complete log likelihood
§ Evidence lower bound (ELBO)
§ Coordinate ascent: E-step, M-step

● Use case: EM for MT alignment

51



EM Variants 
● Sparse EM 
! Do not re-compute exactly the posterior probability on each data point under all 

models, because it is almost zero. 
! Instead keep an “active list” which you update every once in a while. 

● Generalized (Incomplete) EM: 
! It might be hard to find the ML parameters in the M-step, even given the 

completed data. We can still make progress by doing an M-step that improves 
the likelihood a bit (e.g. gradient step). 
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Questions?


